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Abstract 

We consider a nonlinear sigma model coupled to the metric of a conic space. We obtain restric- 
tions for a non-linear sigma model to be a source of the conic space. We then study non-linear 
sigma model in the conic space background. We find coordinate transformations which reduce 
the chiral fields equations in the conic space background to field equations in Minkowski space- 
time. This enables us to apply the same methods for obtaining exact solutions in Minkowski 
spacetime to the case of a conic spacetime. In the case the solutions depend on two spatial 
coordinates we employ Ivanov's geometrical ansatz. We give a general analysis and also present 
classes of solutions in which there is dependence on three and four coordinates. We discuss with 
special attention the intermediate instanton and meron solutions and their analogous in the conic 
space. We find differences in the total actions and topological charges of these solutions and 
discuss the role of the deficit angle. 

PACS-94: 04.20.-q 98.80.-Dr 
Key words: cosmic string, non-linear sigma model, deficit angle, exact solutions 

1 Introduction 

In the late seventies and beginning of eighties much attention was devoted to non-linear 
sigma model formulated in two-dimensional Euclidian and pseudo-Euclidian spaces [Ulllini 
mini. The reason for that lies on the strong analogy with four-dimensional gauge theories 
(instanton solutions, asymptotic freedom, and so on (see, e.g reviews IHIZllHI))- In most 
cases non-linear sigma models have been considered as a laboratory or a toy models with 
the following applications of the developed methods and solutions to the investigation 
of gauge theories. When we consider non-linear sigma model in spaces with more than 
two dimensions the analogy with gauge theories fails. The fact that in four-dimensional 
case there exist no topologically nontrivial solutions led to various attempts to extend the 
model to four dimensions via the introduction of additional interactions with a gauge or 
a gravitational field [HI fTU]. 
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When non-linear sigma model coupled to gravitation were considered a new method 
of obtaining exact solutions for a model of this type was developed [TTj. The method 
is based on a isometric ansatz, which preserves the isometric motion in spacetime and 
in the target space. In this way new exact solutions in gravitational theory have been 
obtained |II][I21- This method was then applied to obtaining exact solutions in the case 
of a four-dimensional (4D) Minkowski spacetime, as a connection between an isometric 
subgroup and a subgroup of target space was postulated. Moreover when applied to two- 
dimensional (2D) non-linear sigma model the method gives a wide class of exact solutions 
[13], in which instanton and meron solutions arises as a special case of the subgroup of 
rotations. 

Conic space, on the other hand, has first appeared in the context of a cosmic string 
modeljTij. It can be characterized by a space-time metric with a Riemann-Christoffel 
curvature tensor which vanishes everywhere, except in one point, where there is a conical 
singularity. The local flatness of this kind of space-time can induce several interesting 
effects. As examples of these effects we can mention gravitational lensingfT^, eletrostatic 
self- force on an electric charge at rest [12] and the so-called gravitational Aharonov-Bohm 
effectjEI among others. 

In this paper we investigate the non-linear sigma model in the a space-time with conic- 
type singularity, namely, the space-time of a cosmic string, and show how the obtained 
results differ from those obtained in flat Minkowski spacetime. 

This paper is organized as follows. In section 2, we introduce the non-linear sigma 
model in a conical geometry. In section 3, we consider the dynamic equations and discuss 
the symmetries and general properties of their solutions and introduce the Ivanov's geo- 
metrical ansatz. In section 4, we obtain the two-dimensional solutions. In section 5, we 
discuss the four-dimensional solutions. Finally, in section 6, we draw some conclusions. 

2 Massive nonlinear sigma model coupled to the metric 
of the conic space 

It is well known that the spacetime sourced by a straight static (cosmic) string, is a 
conical space with metric given by 

ds^ = dt^ - dz^ - dp^ - (1 - ^Gjifp^dcf = QikdxUx^ (1) 

which possesses a conical singularity characterized by a deficit angle 5 = SnGp. (We 
sometimes will use the notation (1 — AGpY = a"^). 

In this section we are going to consider a massive non-linear sigma model [iH], that 
is, a non-linear sigma model with a potential of self-interaction, coupled to the metric of 
the conic space JH). As a target space we choose a two-dimensional sphere S"^ admitting 
S0(3)-symmetry, the metric of which is given by 

ds^ = dx^ + sin^ xdQ^ = HabV^V^, < x < tt, < < 27r. (2) 

The dynamic equations of the chiral fields can be obtained form the variation of the action 
of non-linear sigma model with the potential of self-interaction W{{p'-') 
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Snsm = J V^d'x ( ^ hAB^M(^'' - , (3) 

with respect to the chiral fields ip'^' and are given by 



- i^*'^;.- + 1^ = 0. (4) 

On the other hand, the energy-momentum tensor of a massive non-linear sigma model 
can be calculated from the formula 



If one considers the coupling of the chiral fields to the gravitational field, then the 
Einstein equations 

R^u = i^i Tf,u - ^QiiuT ) . (6) 



2^ 

should be added. In our case we may set g^j^^ = g^i, in equation 

In the literature devoted to conic space (see, for example, [H]) it has been stressed that 
cosmic strings have very unusual properties. The fact, that self-gravitating non-linear 
sigma model also may have very special solutions [11], due to the structure of energy 
momentum tensor gives hope to find possible configurations of the target space of 
non-linear sigma model which lead to the conic space {H). For the sake of simplicity and 
with the aim to keep effects coming from the deficit angle let us for a moment reduce our 
consideration to the case when the chiral fields x and 6 are functions of the coordinates p 
and only. With this restriction the non-vanishing components of the energy-momentum 
tensor are 



Too = I (x? + sin^ xQl + ^{xl + sin' X©?}) + W; 



(7) 



T.z = -\ ixl + sin' X0p + ^{xl + sin' x^lVj - W- (8) 



(9) 



Tpp = \{xl + sin' X0? - + sin' x^l}^ ' W- 

= -2{xl + sin' xQl - a'p'ixl + sin' x©?}) - a'p'W; (10) 

Tp^ = XpX<f> + sin' X0p0</. (11) 

To solve the Einstein equations ^ in the conic space with the energy momentum 
tensor (f7|l- (fTI|) we have to consider the strong restrictions: 

TV = 0, x = const, 6 = const. (12) 

It is easy to see that only when (fT2|) holds all components of the energy momentum 
tensor for S'0(3)-symmetric non-linear sigma model will be equal to zero, in accordance 
with the vanishing of the Einstein tensor G^j, in the conic space JH). Nevertheless, the 
Einstein equations G^^y = can be satisfied without any reference to (|T^ , if we change 
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the signature of metric of the target space Q from Euclidian to pseudo-Euclidian and 
put the following restrictions on the chiral fields 

W = Q, x; = sin2xe2, x5 = sin2xe5 (13) 

In this way the conic space (jl]) can be sourced by non-linear sigma model Q with 
the constraints imposed by (fT3l) to the target space. However, if we want to avoid these 
constraints we have to consider the pure kinetic non-linear sigma model {W = 0) in the 
background of the conic space, i.e., we have to work with the chiral field equations (|H) 
without references to the Einstein equations 

It should be mentioned here that finding solutions of non-linear sigma model in the 
background of some spaces of GR is rather a complicated task. In many cases the solutions 
can be found only in asymptotic form or by numerical methods (for recent investigations 
see, for example, [213 EI])- 

3 The dynamic equations of non-linear sigma model on 
the conic space background 

Taking into account the conic space and the target space metrics ^ and respectively, 
one can write out the dynamic equations ^ in terms of cylindrical coordinates . But 
it is possible considerably simplify the background field equations (|H), if we choose new 
variables corresponding to the circle cylindric coordinates (cc-coordinates) 

M = lnp; — oo<M<oo; v = acj); < v < 27ra; z = z; — oo<z<oo. 

In these coordinates the metric of the conic space ((H) takes the form 

ds^ = dt" - dz^ - e'" (du^ + dv^) = d^ - dz^ - ds^. (14) 

Here we define the two-dimensional conic sector of the conic space as ds^^ = 
(du^ + dv^). 

The dynamic equations (jH) with W = can be written as 



- Xtt + Xzz + Xuu + Xvv - sin X cos x + 6^ + 6^ + 6^) = 0; (15) 

-e^ + 0,, + Quu + &VV + 2 cot X {-Xt&t + XzQz + Xu&u + XvQv) = 0. (16) 

Let us note that the equations (I15lll6jl have the same form as the equations of non-linear 
sigma model in the Minkowski space-time |22| because of conformal invariant symmetry 
of the conic sector. Thus the solutions have the same form as in Minkwoski spacetime 
case but their properties will be rather different. In the next sections we will consider 
these solutions, obtained in |112| and p2] for the case of S'0(3)-symmetric non-linear sigma 
model in Minkowski spacetime background. 
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3.1 Symmetries and general properties of the solutions 

First of all let us consider the symmetries of the chiral fields equations (fT5| -(fT6 | . These 
equations are invariant with respect to the substitutions: 

X ^ —X, X ^ X + ttA;, k E Z; ^ —0, 0^0 + const, ( ^ rj. (17) 

where the new variables ( and rj are defined as ( = ^{z + 1) , r] = ^{z — t) . It is clear 
that the field equations (|TH| -(fTK |l are also invariant under the change u ^ v ^ z ^ u. 
It is important to bear in mind that these substitutions can be always done. Let us now 
turn our attention to the solutions which are related to the conic sector (u,v): dsl^ = 
(du^ + dv^) . 

Let us start by mentioning some simple solutions and properties which may be of 
interest as far as quantum properties are concerned: 

i) Simple solutions corresponding to free fields, sometimes considered as classical vac- 
uum solutions in the two-dimensional case 0. These have the same meaning as in the 
four-dimensional case and are given by: X = Xo = const, = 0o = const. 

ii) If the chiral fields x and depend on the two coordinates u and v or z and t, the 
dynamic equations correspond to those in the two-dimensional Euclidian [T] or pseudo- 
Euclidian non-linear sigma model , respectively. The solutions have the same form as 
in already mentioned works [H IHj for the case of four-dimensional non-linear sigma model 

Let us include an additional dependence on C, for the chiral fields, namely x and being 
functions of m, v and C. Then, it is clear from the equations (fTK|l - (fTK|l . that any solution of 
two-dimensional non-linear sigma model of the conic sector (m, v) can be extended to the 
case with the dependence on C- To this end we can replace the constants of integration 
in two-dimensional non-linear sigma model by arbitrary functions of C,. 

3.2 Ivanov's geometrical ansatz 

A procedure to obtain the exact solutions of the dynamic equations is based on Ivanov's 
geometrical ansatz [TT]. This method can be described as follows. First of all, we have 
to postulate Ivanov's geometrical ansatz. Let us suppose that the space-time admits the 
group of isometric and homothetic symmetry Gr with r -linear independent vectors of 
isometric or homothetic motion ^^(x) and the structure's constants C^^. Let us remind 
that an infinitesimal transformation 6x^ = corresponds to an isometric motion if 

Cix) is the solution of the Killing equations 

eM;. + e.;M = 0. (18) 

where (;) denotes covariant derivative. 

The vector field ^^{x) defines a homothetic motion if 

^fi;u + ^u;fi = >^gfiu, A = const. (19) 

We assume that the target space admits a group of isometric symmetry Gg with s 
-linear independent Killing's vectors Cai'^) and the structure's constants C^^. Ivanov's 
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geometrical ansatz consists in postulating the following relation between the symmetries 
of the basic and target spaces 

^i^d,^^ = K^^Ca, K = const, (20) 

where 

a = 1, . . . , r; a = 1, . . . , s. 

In the case under consideration, that is, when Einstein equations are not being taken 
into account, the equation (011 can be assumed for some subgroups of the group Gr. It 
should be noted that the constants are not arbitrary. The integrability conditions of 
(|2lHl implies that must satisfy: 

By integrating the equations (fT8|) and (fT9|) in Minkowski spacetime 

dS^ = r]^^dx^'dx'' = -{dx^f + {dx^f + {dx^f + {dx'^f (21) 

we obtain the linear independent Killing vectors and vectors of homothetic motion (con- 
formal Killing vectors) in Minkowski spacetime (|2T|l : 

= 81 e2 = 51 = - xH^, a = ^(x's^ + x^s^) (22) 

In the case of the conic space ((H) the Killing vectors and conformal Killing vectors for 
conic sector are 

= 5^ = e-" {smv6^ + cosvSO , ^s^ = e"" {smv6^ - cosv6i^) , = ^6^. (23) 

It is clear that the vector corresponds to a rotation and the vector ^2 ^iid ^3 
corresponds to translations along the x-axis and y-axis, respectively. The vector ,^4 , on 
the other hand, is the vector of homothetic motion. 

Now, Killing vectors of the target space S'^ Q can be represented in the form 



Ci^ = -sine5j^-cosecotx5^; (24) 
C2 = cos 6(5^^ - sin 9 cot 

= 5t 



Thus, the geometric ansatz ()2n|l with the help of (pljl will take the form: 

CX. = -^^sine + ir2cose; (25) 
C^Qi = -Kl cos e cot X - Kl sin 9 cot x + Kl. 

Our strategy to obtain solutions is the following: for each Killing vector we will solve 
the ansatz (|25|) and then will insert the obtained solutions into the fields equations (fT5|l - 
(fT6|l . Integrating the equations will lead to the exact solutions. 
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4 Two-dimensional Solutions 



Let us start from the rotational symmetry of the conic sector, which is described by the 
Killing vector in (pTHl . The equations (f^ will take the form 

Xi> = — asin© + 6cos6, (26) 
0„ = — coth X {ci cos 9 + 6 sin 9) + m. 

Here we used the notation Kl = a, Kf = 6, Kf = m . In the case of other symmetries 
the derivatives in left hand side of (f26|) should be replaced by derivatives with respect to 
the corresponding variables: a; = e" cosf , y = sinv or u. 

To integrate the chiral field equations (fT^ - (fTH|l it is convenient to consider the special 
restrictions on the values of the constants in the equations (f26|) . After investigating the 
rotational symmetry in this section we will discuss the remaining symmetries: translations 
and homothety with the same values of the constants in (f26| . 

4.1 Some particular solutions 

In this subsection we will consider solutions corresponding to some particular situations. 
Al: a = 6 = m = 0, = (5^. 

By integrating one can find 

X = xiu), 9 = 9(m). 
Then, after integrating the equation ()16p we obtain the constraint 

sin^ X'S>u = Cu (27) 
The remaining equation ()15|1 in terms of cc-coordinates becomes 

Xuu-c^^^ = 0. (28) 
sm X 

Thus, the solution of the chiral fields dynamic equations reads 

- \ 

X = ± arccos ( ^ sin(|c2|M) j + 27r/i:, k e Z, (29) 

9 = arctan ^— tan(|c2|'u)^ . (30) 
This solution, evidently, does not contain the angle deficit 6. 

A2: a = 6 = m = 0, ^2= e~^{smv6!^ + cosv6!^). 
The solution of the ansatz (f26|l will be given by 

X = x{y), = Q{y) 

Thus the solutions of the chiral field equations are given by formula ([29j) - (f30|l with 
the substitution m — ^ y = e" sinf . 
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A3: a = 6 = m = 0, ^3 = e ^{sinvS^ — cosv6^). 

The situation here is the same as in the subsection A2 with the substitution x 



y- 



A4: a = b = m = 0, = f (5(^. 

The case of the homothetic motion is similar to the case of the rotation, that is, to 
the results of the subsection Al. The solution of the chiral fields dynamic equations is 
described by the formulas (f29|l - (j3n|l with the substitution v ^ u. Note that this solution 
contains the deficit angle 5 because v = acp and = (1 — 5/2)^. 



Bl: a = 6 = 0; m 7^ 0, 

By integrating (f26|l with m 7^ we obtain 

X = x(m), Q = mv + f{u). 



(31) 



From the substitution rj = cosx the chiral fields equation (fT5|l . (fT6|l can be reduced to 
the first-order differential equations 



fu 



Co 



(32) 



iVu) 



2 4 
m 7] 



(ci + cl + 2m2) r/^ + ci + 



m 



The last equation admits a general solution in terms of elliptic integrals of the first kind 
F(k, (/?). The inverse dependence for u is given by the formula 



where 



A 



u 



2if'c 



+ 1 



/2r/2c + 5' 



V2\ \ A IW B-A l\ \-A 



/2r/2 



A 



A-B 



-1 



(33) 



A = bi + ^bl - Aac, B = hi- ^bj - AaiC, ai = m^ + Ci, bi = -{2m^ + cl + Ci), c = w? 

(34) 

The deficit angle appears in the solution for 9 given by (j3T|) . 



B2: a = 6 = 0; m 7^ = e-''{sinv5^;; + cosi;(5(^). 

Taking into account the replacement by one can write the solution of the ansatz 
(f26|) in the following way 

X = Xiy), Q = mx + f{y). 

Thus the solution of the chiral fields equations is given by formulas (f3T| - (f3Hl with the 
substitutions: u ^ y = e'^sinv, v ^ x. This solution does not contain the deficit angle. 
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B3: a = 6 = 0, m ^ 0, ^3 = e ^{sinvS'^ — cosvd';^). 

The situation here is the same as in the subsection B2 if we take into account the exchange 
X ■(-^ y. 

B4: a = b = 0, m 7^ 0, = f 

By integrating (f26|) with m 7^ and taking into account the replacement dy — > du we 
obtain 

2 

X = xiv), Q = jmu + f{v). (35) 

In this case the solution of the chiral fields dynamic equations is given by the formu- 
las (IHlI)-(|HlI) with the substitutions: m — > |m, v ^ u. Note that this solution contains 
the deficit angle 5. 

CI: a2 + 6V0; m = 0; <ef = 
By integrating (f26|) we obtain the result 

X = arccos [sin sin {pv + B{u))] , (36) 

n ■ I sin/icos{(j9t; + i?)} \ 

= 6*0 + arcsm = , 

\^Jl- (sin^ fi) sin2(pw + B) J 

where = + 6^, coth6'o = f . 

The chiral fields equations reduced to the equations of the functions fi{u) and B{u) 
which will have the same form as p2|l when we make the substitutions: t] cos /i, / — > 
B,m? . The solution p3|) will also be valid with the substitutions above. 

C2: a2 + 62 _^ 0; m = 0; = e~"(sini;(5(; + cosi;(5(^). 

The solution of the ansatz (f26|l is given by the formula p6|) with the substitutions: 
u y, V X. Thus the solution of the chiral fields equations is given by formulas (f36ll . 
(ESJ, JSni) , JSH) with the substitutions: u ^ y, v ^ x. 

C3: + 6V 0; m = 0; = e-"(sini;(5(; - cos v6i^). 

The situation here is the same as in the subsection C2 with the substitution x ^ y. 

C4: a2 + 52 _^ 0; m = 0; = f 

This case corresponds to the case presented in the paragraph CI with the multiplication 
of the constants a, 6, m by | and the replacement u ^ v in the solution. The deficit angle 
is also contained in this solution. 
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Dl: a2 + 6V0; m 7^ 0, .^f = 

This case corresponds to the most general solution of Ivanov geometric ansatz (f25ll for 
S'0(3)-invariant non-linear sigma model . The solution of (|25|1 is 

k(u + B(v)) = arctan ( , | — arctans, (37) 



where P = + + ^2^ s = ^cothci;, lu = Q + 60, tan 6*0 = J, A'^ = A^{v). 
For the minus sign under the square-root the following replacements will be used 

A^k"^ = sin^ a{v), = + p^cos^ a, < 7^ < (38) 

For the plus sign under square-root, the replacements are 

A^k^ = sinh^ a{v), -f^ = + p^cosh^ a, 7^ > k"^. (39) 
Then the field x can be defined via a; from the relation: 

X = arctan ^ ^ . 40 

y p sm u; J 

Using the replacements (f37j) - (ji0|l . the fields equations can be reduced to that of the 
first order 



K = (41) 



where = 



It is clear that with the help of the replacements (|37| - (j^ we have reduced the problem 
to the system of equations (p^ which has been solved in the subsection Bl. Actually, 
the solution of the second equation in (jUTl can be given by with the substitutions 



D2: a2 + 52 _^ Q. ^ _^ Q; = e~''{sinv5^^; + cosv5^^). 

In this case the solution of the chiral field equations (fTK|) -(fTHll is given by |rr7jl- (|lT]) with 
the substitutions: u y, v x. 

D3: + 6V 0; m 7^ 0; = e-"(sini;^(; - cosySi^). 

The situation here is the same as in the subsection D2 with the substitution x ^ y. 

D4: + 6V 0; m 7^ 0; = 

This corresponds to the case presented in the subsection Dl with the replacement u ^ v. 
The solution is given by formulas of the subsection Dl with the replacement u ^ v. The 
deficit angle also appears in this solution. 
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4.2 Special solutions: the instanton and meron solutions 

Let us recall some general properties of the instanton and meron solutions. Theses solu- 
tions are defined on two dimensional Euclidian space-time dSf^ = (dx^)^ + (rfx^)^. 
The standard instanton solution is given as follows [13j 

X = 2 arctan y (a;^)^ + (x^)^; = arctan— . (42) 

The well-known properties of the instanton solution are: the finiteness of the action 
Snsm = 47r and a topological charge Q which should is equal to unity (Q = 1) The 
"topological charge density" can be defined as the Jacobian of the mapping of the two- 
dimensional spacetime into the target space - a two-dimensional sphere in the case under 
consideration. 

Let us consider the two-dimensional subspace (conic "plane") of the conic space Jl]) 

dsl = e^^{du^ + dv^}. 

For this case we can immediately obtain the analog of the instanton solution 

X = 2arctane"; Q = v. (43) 

Simple calculations give for the action the value 

S = 47ra = Sjs — ^ = SttG/i. 

Here we denote by Sjs the standard value of the action of the instanton, which is equal 
to Att. 

The topological charge corresponding to the conic "plane" will be given by 

Q = a = ^(27r -6) = 1- 4G/X = Qis - AGfi. 
Att 

To obtain multi-instanton solutions we can set v = a(</) + 2Txk),k G Z. Clearly, in 
this case the deficit angle accumulates. 

The meron solution is a solution which has a topological charge - after regularization 

[H]. The action of the meron solution is logarithmically divergent. In our case the meron 
solution is represented as being given by 

X = |, e = arctan . (44) 

It is possible to check that the action of the meron solution in the conic "plane" 
will be logarithmically divergent, but the topological charge, through a regularization pro- 
cedure in the external three dimensional space, will be equal to -a. Thus the topological 

charge will also have an accumulative effect. 

Multi-instanton and multi-meron solutions can be derived from of the usual procedure 
for complex variable in external three dimensional space. It is clear that these solutions 
will accumulate a deficit angle effect in the invariant characteristics when the integration 
over the angle coordinate v is carried out. 
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5 Four-dimensional solutions 



The geometric ansatz method described above has been applied to obtain exact solutions 
in the case of S0(3) non-linear sigma model in Minkowski space-time [22] • We will use 
the results obtained in |22| to the case of non-linear sigma model in the conic space 
background. 

5.1 Solutions for one-parametric subgroups 

The solutions of this kind can be represented in the form 

X = X(0> i = a^x^", e = e(c*0, a^a^ = 0, c, = const, (45) 

where here denote: Cartesian coordinates x,y, polar coordinates p, or the co- 
ordinates u = Inp, (p. These solutions can be obtained, of course, only when we have 
pseudo-Euclidian signature of space-time; thus, the existence of an isotropic vector a is 
necessary. 

5.2 The two-parametric subgroups solutions 

The system of equations (fT5|l - (fT6|l coincides with the system correspondign to SO (3) non- 
linear sigma model , considered in the background of Minkowski space-time. The solution, 
obtained for the last case, can be applied in our case, which in cc-coordinates reads 

X = arccos (cos a cosF(t, 2;, M, t>)) ; 9 = arctan (tanF(t, 2;, m, t>)/ sin a) , (46) 

where a is a parameter and the function F{t, z, u, v) must be a solution of the four- 
dimensional d'Alembert equation, that is, the function F must satisfy the equation 

AF{t, z, u, v) = Ftt - F,, - Fun - = 0. (47) 

As an example of a two-dimensional solution we can take the special solution of Laplace 
equation (jl7|l in the form 

F{u, ^) = ln(M^ + f ^) + arctan(M/f ). (48) 
It is clear that the deficit angle appears in this solution. 

5.3 Three-parametric static solution 

According to our presentation of the chiral field equations (jH) the three-parametric solu- 
tion [22| takes the form 

X = arccos -=^=== (49) 

V V^i + + Z'^ J 

e = arccos I ^ ) (50) 
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Because of the symmetry with respect to the coordinates u and v we can obtain the 
analog of the solution above in the form 



6 Conclusions 

In spite of the close analogy between the solutions of a non-linear sigma model dynamic 
equations in the case of Minkowski space-time and in the conic space, they are, however, 
essentially different in the case of the instanton and meron solutions. Perhaps these 
differences should be further investigated given the important role these solutions have 
played in the developing of the quantum theory of non-linear sigma model . 
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